FREQUENT POINTS FOR RANDOM WALKS IN TWO 

DIMENSIONS 
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Abstract. For a symmetric random walk in 1? which does not neces- 
sarily have bounded jumps we study those points which are visited an 
unusually large number of times. We prove the analogue of the Erdos- 
Taylor conjecture and obtain the asymptotics for the number of visits to 
the most visited site. We also obtain the asymptotics for the number of 
points which are visited very frequently by time n. Among the tools we 
use are Harnack inequalities and Green's function estimates for random 
walks with unbounded jumps; some of these are of independent interest. 



(1.1) Jim = 1/tt a.s. 



+00 



1. Introduction 

The paper [3] proved a conjecture of Erdos and Taylor concerning the 
number L* of visits to the most visited site for simple random walk in 1? 
up to step n. It was shown there that 

(log n) 2 

The approach in that paper was to first prove an analogous result for planar 
Brownian motion and then to use strong approximation. This approach 
applies to other random walks, but only if they have moments of all orders. 
In a more recent paper Rosen developed purely random walk methods 
which allowed him to prove (jl.lj) for simple random walk. A key to the 
approach both for Brownian motion and simple random walk is to exploit 
a certain tree structure with regard to excursions between nested families 
of disks. When we turn to random walks with jumps, this tree structure is 
no longer automatic, since the walk may jump across disks. In this paper 
we show how to extend the method of to symmetric recurrent random 
walks Xj, j > 0, in Z 2 . Not surprisingly, our key task is to control the jumps 
across disks. Our main conclusion is that it suffices to require that for some 
P > 

(1.2) E|Xi| 3+2/3 < 00, 

together with some mild uniformity conditions. (It will make some formulas 
later on look nicer if we use 2(5 instead of (3 here.) We go beyond (|l,lj) and 
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study the size of the set of 'frequent points,' i.e. those points in Z 2 which are 
visited an unusually large number of times, of order (log re) 2 . Perhaps more 
important than our specific results, we develop powerful estimates for our 
random walks which we expect will have wide applicability. In particular, 
we develop Harnack inequalities extending those of ^01 and we develop esti- 
mates for Green's functions for random walks killed on entering a disk. The 
latter estimates are new even for simple random walk and are of independent 
interest. 

We assume for simplicity that X\ has covariance matrix equal to the 
identity and that X n is strongly aperiodic. Set pi(x,y) = pi(x — y) = 
¥ X (X\ = y). We will say that our walk satisfies Condition A if the following 
holds. 

Condition A. Either X\ is finite range, that is, p\{x) has bounded support, 
or else for any s < R with s sufficiently large 

(1.3) inf V Pl (y,z)> ce-P sl/ \ 
y,R<\y\<R+s V / ~ 

Condition A is implied by 

(1.4) Pl (x) > ce-PW 1/4 , xeZ 2 , 

but ()1.3|) is much weaker. ()1.3j) is a mild uniformity condition, and is used 
to obtain Harnack inequalities. Recent work on Harnack inequalities for 
processes with jumps indicates that some sort of uniformity condition is 
needed; see p. 

Let L x denote the number of times that x G Z 2 is visited by the random 
walk in Z 2 up to step n and set L* = max^g^ 2 ^n- 

Theorem 1.1. Let {Xj ; j > 1} be a symmetric strongly aperiodic ran- 
dom walk in Z 2 with X\ having the identity as the covariance matrix and 
satisfying Condition A and Then 



T * 

n—*oo 



(1.5) lim — — ^—rr = l/V a.s. 

-- (logny 



Theorem 11.11 is the analogue of the Erdos- Taylor conjecture for simple 
random walks. We also look at how many frequent points there are. Set 

(1.6) 9 n (a) = \x G Z 2 : — ^— > a/A. 

L (logn)^ J 

For any set B C Z 2 let T B = inf{z > | X { G B} and let \B\ be the 
cardinality of B. Let 

L x 

(1.7) n (a) = \x G D(0, n) : * D{0 % > 2a/vr) 

L (logn) z J 
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Theorem 1.2. Let {Xj ; j > 1} 6e as in Theorem \l.l\ Then for any < 
a < 1 

(1.8) lim — = 1 — a a.s. 

»woo log n 

Equivalently, for any < a < 2 

(1.9) lim = 2 — a a.s. 

n^oo log n 

The equivalence of (|1.8|) and (jl.9j) follows from the fact that 

(1.10) lim lQgrD( °'" )C = 2 a.s. 

n^oo log n 

For the convenience of the reader we give a proof of this fact in the appendix. 

In Section |2] we collect some facts about random walks in Z 2 , and in 
Section|3]we establish the Harnack inequalities we need. The upper bound of 
Theorem ll.2l is proved in Section|lJ The lower bound is established in Section 
|SJ subject to certain estimates which form the subject of the following three 
sections. An appendix gives further information about random walks in 7? . 

There is a good deal of flexibility in our choice of Condition A. For ex- 
ample, if E|Ai| 4+2 ^ < oo, we can replace /3 s 1 / 4 by s 1 / 2 . On the other hand, 
if we merely assume that E|A"i| 2+2/3 < oo, our methods do not allow us to 
obtain any useful analogue of the Harnack inequalities we derive in Section 

m 



2. Random Walk Preliminaries 

Let X n , n > 0, denote a symmetric recurrent random walk in Z 2 with 
covariance matrix equal to the identity. We set p n (x,y) = p n (x — y) = 
F x (X n = y) and assume that for some (3 > 

(2.1) EIX^ 2 ? = ^\x\ 3+2P Pi 

(x) < oo. 

X 

(It will make some formulas later on look nicer if we use 2(3 instead of (3 
here.) In this section we collect some facts about X n , n > 0, which will be 
used in our paper. The estimates for the interior of a ball are the analogues 
for 2 dimensions and 3 + 2/3 moments of some results that are proved in JHJ 
for random walks in dimensions 3 and larger that have 4 moments. Several 
results which are well known to experts but are not in the literature are 
given in an appendix. 

We will assume throughout that X n is strongly aperiodic. Define the 
potential kernel 

n 

(2.2) a(x) = lim V { Pj (0) - Pj (x)} . 

j=0 
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We have that a(x) < oo for all x G Z 2 , a(0) = 0, and for |x| large 

2 i 

(2.3) a(x) = -log|x| + k + o(\x\~ l ) 

7T 

with /c an explicit constant. See Proposition 19.21 for a proof. We also note 
that since Pj(x) < Pj(0) for any symmetric random walk, we have a{x) > 0. 

Let D(x,r) = {y G Z 2 \ \y — x\ < r}. For any set A C Z 2 we define the 
boundary dA of A by cM = {y G Z 2 | y G A c , and inf^^ |y — sc| < 1} and 
the s-band dA s of cM by dA s = {y £l?\y G A c , and inf xgj 4 |y — x| < s}. 
For any set B C Z 2 let Tg = inf{i > | Xj G For x,y £ A define the 
Green's function 

oo 

(2.4) G A {x,y) = Y J ^ X (Xi = y, i<T A c). 

i=0 

For some c < oo 

(2.5) E x, (T D(0 n)c ) < cn 2 , x G £>(0,n), n > 1. 
This is proved in Lemma 19.31 In particular, 

(2.6) G D(o,n)(x,y) < cn 2 . 

y£D(0,n) 

Define the hitting distribution of A by 

(2.7) H A (x,y)=P x (X TA =y). 

As in Proposition 1.6.3 of [S], with A finite, by considering the first hitting 
time of A c we have that for x, z G A 

(2.8) G A (x, z) = \ H A*(x, y)a(y -z)\-a(x- z). 
In particular 

(2.9) G D(0>n) (0,0) = Y H D(Oin) c{0,y)a(y) 

n<\y\<n+n 3 / 4 

+ E H D(o,ny(°,y) a (y)- 

\y\>n+n 3 / 4 

Using the last exit decomposition 

(2.10) H D{0in) c(0,y) = E G D(o,n)(0,z)pi(z,y) 

zGD(0,n) 

together with (|2.6|) and (|2.1|) we have for any k > 1 

E H D{oM°'V) ^ E G D(0tn) (0,z)P(\X 1 \>kn^) 

\y\>n+kn 3 / 4 zeD(0,n) 

(2.11) < cn 2 /(kn 3 /y +2 P <c/(fcV/ 4+/3 ). 
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Using this together with (|2.«-i|) we can bound the last term in (|2.9j) by 
(2.12) H D{0>n) 40,y)a{y) 

\y\>n+n 3 / 4 
oo 

- t.3 1/4+fl SUP ^ X "> 

k=1 K U I r n+ fc n 3/4<| x |< n+ ( A;+1 ) rl 3/4 

c 00 1 

^ zmqi £ p M» + (* + V 74 ) = °(^ 1/4 )- 
fc=l 



Using (|2.3jl for the first term in l)2.9|) then gives 

(2.13) G D(0 , n) (0,0) = -logn + fc + 0( 

7T 

Let rj = inf{i > 1 1 X% € {0} U D(0, n) c }. Applying the optional sampling 
theorem to the martingale a(Xj Ari ) and letting j — * 00, we have that for any 
x£D(0,n) 

(2.14) a(x) = E x (a{X ri )) = E x (a(X v ) ; X n G D(0, n) c ). 

To justify taking the limit as j — > 00, note that |a(Xj Ar/ )| 2 is a submartingale, 
so E\a(X jAri )\ 2 < E\a(X v )\ 2 , which is finite by (E3J) and (|2~TiT) : hence the 
family of random variables {a(Xj Ar) )} is uniformly integrable. Using 1)2.3)1 
and the analysis of (|2.12|) we find that 

(2.15) E x ' (a(X v ) ; X v G D(0, n) c ) 

- £ a(y)F x (X v =y)+ £ a(y)P* (X, = y) 
yedD(0,n) n3/4 2/e-D(0,n+n 3 /4)c 



- log n + k + 0(n-^)) p * ( x v G ^(0. n D + °( n ~ 

Using this and 1)2. 3jl we find that for < |x| < n, 

(2/vr)log(n/|x|)+0(|x|- 1 /4) 



x (Tq < 7b( ,n) c ) 



(2/vr)logn + A; + 0(n- 1 /4) 



(2.16) = ■o g ("/W) + 0(|x|-V) 

log(n) 

By the strong Markov property 

(2.17) G Dm (x,0) = F x (To < T D(0in)c ) G D(0 ,„)(0, 0). 
Using this, ()2.13j) and the first line of 1)2.16)1 we obtain 

(2.18) G D(0 , n) (x,0) = -log(^|) +0(\x\~ 1 / 4 ). 
Hence 

(2.19) G D ( 0t1l )(x,y) < G D ^ 2n )(x,y) < clogn. 
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Let r < \x\ < R and £ = T D (Q R y A 2Wo,r)- Applying the argument 
leading to ()2.16j) . but with the martingale a(Xj A ^) — k we can obtain that 
uniformly in r < |x| < i? 

, , log(|x|/r) + Q(r-V 4 ) 

(2.20) P [ T D{o,R)c < T D{0>r )) = logfR/r) 

and 

, , _ \og{R/\x\) + Q(r~^) 

(2.21) P (T D(0/r) < T D{m c) \ og (R/r) ' 

Using a last exit decomposition, for any < S < e < 1, uniformly in 
x G Z>(0,n) \D(0,en) 

FX (\ X T D{0 , m) AT D{0 , n) c\<$n) = Yl Yl G D(0,n)(x,z) Pl (z,w) 

zeD(0,n)\D(0,en) w€D(0,8n) 

< cn 2 log nP(|Xi| > (e - 5)n) 

( 2 - 22 ) ^ cn2l °g n ^3W = cl °g n ^TW- 

Here we used (|2.19(l and the fact that \z — w\ > (e — S)n. 

We need a more precise error term when x is near the outer boundary. 
Let p(x) = n — \x\. We have the following lemma. 

Lemma 2.1. For any 0<5<e<lwe can find < c\ < C2 < oo, suc/i 
i/iaf /or all x G D(0, n) \ D(0, en) and all n sufficiently large 

(2-2^) Ci < P ifl Oin < JD(0,n) c ) S C 2 . 

n ^ ' ' ' n 

Proof: Upper bound: By looking at two lines, one tangential to dD(0, n) 
and perpendicular to the ray from to x, and the other parallel to the first 
but at a distance 8n from 0, the upper bound follows from the gambler's 
ruin estimates of |1U1 Lemma 2.1]. 

Lower bound: We first show that for any ( > we can find a constant 

> such that 

(2.24) c c ^ < W X (T D(QM) < T mn y) 

for all x G D(0, n - C) \ D(0, en). 

Let T = M{t\X t G D(0,5n) U D(0,n) c } and 7 G (0, ±). Let 0(3) = 
— fc), where fc is the constant in ()2.3j) so that a(x) = log |x| +o(l/|x|). 
Clearly o(X jA t) is a martingale, and by the optional sampling theorem, 

(2.25) a{x) = E x (a(X T ); X T G D(0, n) c ) 

+E x (a(X T ); X T G D(0,Sn) \ D(0,6n/2)) 
+E x (a(X T ); X T G D(0,Sn/2)). 
It follows from (|2"22|) that 

(2.26) E x (a(X T ); X T G D(0, 5n/2)) = O^ 1 ^) 
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and 

(2.27) ¥ X (X T £ D(0, Sn/2)) = 0{n- 1 ^). 

Prom (|2.25|) we see that 

(2.28) 

log|x| > lognP z (T D(0 n)c < T D{0M) ) 

+ log(5n/2)F x (T D{0tnr > T D{0>Sn) ) + o(l/n) 

= logn[l - F X (T D{QM) < T mn)c )} + log(5n/2)P x (T D{0M) < T mn)c )] 
+ o(l/n) 

= logn + (log(<5n/2) - log n)P x (T D{oM) < T mn)B ) + o(l/n). 
Note that for some c > 

(2.29) log(l - z) < -cz, < z < 1 - e. 

Hence for cc G -D(0, n — C) \ -C(0, en) 

(n- |s|)\ p(x) 



1 ) > c 

n J n 



Solving (|2.28j) for P x (T D ^ s n ) < ^Z)(o,n) c ) an d using the fact that and p(x) > 
C to control the o(l/n) term completes the proof of (|2.24[) . 

Let A = D(0,n — Q\D(0, en). Then by the strong Markov property and 
(12~2H) . for any x £ D(0, n) \ D(0, n-() 

(2.30) P X (?D(0,<5n) < T D(0,n) c ) 

> P x (T D ( 0i(5n ) o Ta < T D ( 0)n ) C o 9t a ; Ta < T D ( 0tn y) 
= E x (¥ Xt a (T D ( 0>Sn ) < T D ( 0)n )c); T A < T D ^ n y) 

> c ? i P^Ta < T D(0jn)c ). 

re v ' ' 

(|2.23f) then follows if we can find ( > such that uniformly in re 

(2.31) inf F X (T A < T D(0n)c ) > 0. 
V ' xeD(0,n)\D(0,n-0 ( ' 

To prove ()2.31j) we will show that we can find N < oo and C, c > such that 
for any x £l? with |x| sufficiently large we can find y E 1? with 

(2.32) Pi(^) y) > c and |x| — ./V < |y| < |x| — 

Let be the cone with vertex at x that contains the origin, has aperture 
97r/10 radians, and such that the line through and x bisects the cone. If 
\x\ is large enough, C x n D(x,N) will be contained in D(0, \x\). We will 
show that there is a point y E Z 2 P\ C x P\ D(x,N), y ^ x, which satisfies 
(|2~32|) . Note that for any y £ 1? n C x Pi D(x, N), y / x, we have 

(2.33) 1 <\y - x\ < N. 



8 
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Furthermore, if a denotes the angle between the line from x to the origin 
and the line from x to y, by the law of cosines, 

(2.34) \y\ 2 = \x\ 2 + \y — x\ 2 — 2cos(a) \x\ \y — x\. 
Then for |x| sufficiently large, using (|2.33j) . 

(2.35) \y\ = \J\x\ 2 + \y — x\ 2 — 2cos(a) \x\ \y — x\ 

- x\ 2 2 cos(a) \y — x\ 




\x\ 2 \x\ 

cos(a) \y - x\ + 1 
|x| \x\ 2 

= \x\ — cos(q) \y — x\ + 0(- — r) 

\x\ 

< \x\ - cos(9vr/20)/2. 

Setting £ = cos(97r/20)/2 > we see that the second condition in (|2.32|) is 
satisfied for all y G 1? n C x n D(x, N), y ^ x, and it suffices to show that 
we can find such a y with pi(x, y) > c. (c, N remain to be chosen). 

By translating by —x it suffices to work with cones having their vertex 
at the origin. We let C{9,9') denote the cone with vertex at the origin 
whose sides are the half lines making angles 9 < 9' with the positive x- 
axis. Set C(9,9',N) = C(9,9') n D(0,N). It suffices to show that for 
any 9 we can find y G C{9,9 + 9vr/10,iV), y ^ 0, with pi(0,y) > c. Let 
jg = inf{j > | jir/5 > 9}. Then it is easy to see that 

C(j e n/5,j n/5 + 2ir/3,N) C C(0, + 9vr/10, N). 

It now suffices to show that for each < j < 9 we can find yj G C(jir/5, jn/5+ 
27r/3), 7^ 0, with pi(0,yj) > 0, since we can then take 

(2.36) c = inf pi(0, w») and A r = 2sup|y,|. 

J 3 

First consider the cone C(— vr/3, 7r/3), and recall our assumption that the 
covariance matrix of X\ = (X^\ x[ ) is /. If 

P(Xi G C7(-vr/3,vr/3), X x / 0) = 
then by symmetry, P(Xi G -C(-vr/3, vr/3), Xi ^ 0) = 0. Therefore 

x{ 2) | > |x{ 1} | Xi ^ o) = 1. 

But then 1 = E|xj 2 ^| 2 > E|X^| 2 = 1, a contradiction. So there must be a 
point y G C(-vr/3, vr/3), y 7^ 0, with pi(0, y) > 0. 

Let j4j be the rotation matrix such that the image of C(j7r/5, j7r/5+27r/3) 
under Aj is the cone C(— ir/3, vr/3) and let Yi = AjX\. Then 

(2.37) P(Xi G C(jvr/5, jvr/5 + 2tt/3), X x £ 0) 
= P(Y G C(— 7r/3, 7r/3), FiT^O). 
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Note Y\ is mean 0, symmetric, and since Aj is a rotation matrix, the covari- 
ance matrix of Y\ is the identity. Hence the argument of the last paragraph 
shows that the probability in (|2.37j) is non-zero. This completes the proof 
of of our lemma. 
□ 



Lemma 2.2. For any 0<5<e<lwe can find < c\ < c 2 < oo, such 
that for all x £ D(0, n) \ D(0, en), y £ D(0, 5n) and all n sufficiently large 

p(x) VI ^ , p(x) V 1 

2.38 ci ^ < G D{0tn) (y,x)< c 2 ^ . 

n v ' ' n 

Proof: Upper bound: Choose 5 < 7 < e and let T' = inf{i | X t £ 
-D(0,7re) U D(0,n) c }. By the strong Markov property, 

G D (o,n){x,y) = Yl fX ( x t> = z)G D(Q<n) (z,y) 

zeD(0,7n) 

= V x (X T , = z)G D(0>n) (z,y) 

zeD(0,8n) 

+ ^(X T , = z)G D{0in) (z,y) 

zeD(0,-yn)\D(0,8n) 

(2.39) < cP x '(X T , G D(0, 5n)) log n + c¥ x {X T , e D(0, 7 ra)). 

Here we used (|2.19|) and the bound G D ( ^(z,y) < G D ^ y 2n )(z,y) < c uni- 
formly in n which follows from (|2.18l) and the fact that | — 2/ 1 > (7 — 5)n. 
The upper bound in (|2.4U|) then follows from (|2.22f) and Lemma 12. II 

Lower bound: Let T = inf{t | X t G D(0,5n) U D(0,n) c }. By the strong 
Markov property, 

(2.40) G mn) (x,y)= Yl W*(XT = z)G Di0 , n) (z,y). 

z€D(0,6n) 

The lower bound in ()2.4(Jj) follows from Lemma 12. II once we show that 

(2.41) inf G D( p tn) (z,y)>a>0 

y,z£D(0,5n) 

for some a > independent of n. We first note that 

(2.42) inf inf G D(0n) (z,y) 

> inf inf G D(v ( e _s) n \(z,y) > 

uniformly in n by ()2.18|) . But by the invariance principle, there is a positive 
probability independent of on that the random walk starting at y will enter 
D(y, (e - 8)n/2) n D(0,5n) before exiting D(0,n). ()2.41j) then follows from 
()2.42j) and the strong Markov property. 
□ 
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Lemma 2.3. 

(2.43) sup P*(T D(0)n) c ± T dmn)s ) < c( S - 1 - 2 ^ V rT^logn). 

xgD(0,n/2) 

Proof of Lemma 12.31 We begin with the last exit decomposition 

(2-44) sup P x -(T D(0 , n)c ¥=T dD(0 , n)s ) 

x£D(0,n/2) 

= sup V G D{0tn) {x,y)p 1 {y,w) 

xeD(0,n/2) y£D{0n) 

weD(0,n+s) c 



SUp G D(0,n)( x ,y)Pl(y, 



w 



xeD(0,n/2) Mi3n/4 
n+s<\w\ 



+ sup V G Di0jn) (x,y)p 1 {y,w). 

xe£»(0,n/2) 3n/4<|y|< „ 
n+s<|«)| 

Using (I2~T!I1) and (j^l 

(2-45) sup V G D(0in) (x,y)pi(y,u;) 

xeD(0,n/2) H < 3n/4 
n+s<|«j| 

< clogra V P(|Xi| > n/4) 

|</|<3n/4 

<clogn — ™ < cn" 1 ^ log n. 
\y\<3n/4 1 1 

Using (|23H|) and (|2~T|) we have 

(2.46) sup V G^o^O^Plty,™) 

xeD(0,n/2) 3n/4<|H|<n 
n+s<|i«| 

< cn" 1 ^ (n- |7/|)P(pTi| > s + n- \y\) 



3n/4<\y\<n 
< rrr 1 - ~ ^ 

" Cn Z> ( s + n _ |y|)3+2/3 

3n/4<|y|<n V li/|7 



< cn" 1 ^ 



3n/4<\y\<n V 



< cs- 1 - 2 ?. 



Here, we bounded the last sum by an integral and used polar coordinates: 

1 f n 1 

(2 ' 47) 3n /Si<n (S + n - |yl)2+2/? " ^ ' L,,V+-^W^ UdU 

/•ra/4 

< cn I -, no i oQ cfat < cns -1-2 ^. 

7o ( s + «) 2+2 ^ 
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□ 

Combining Q2.16JI and ()2.43j) we obtain, provided n~ 1— 2 ^logn < s~ 1-2 ^ 
and \x\ < n/2, 

( 2 -48) F x (T D ( Q n )c < T ; T D ( n )c = T 9D ( n ) s ) 

_ _ (2/vr)log(n/|x|) + 0(|x|- 1 / 4 ) 

(2/vr)logn + A; + 0(n- 1 /4) + ^ 

Using (J2~20|) and (|2~l3|) we then obtain, provided i? _1 ~ 2/3 logi? < s _1_2/3 
and \x\ < R/2, 



+ o( s - 



log(\x\/r)+0(r-^) , ^^_!_ 2i9 



log(i?/r) 

Lemma 2.4. For any s < r < R sufficiently large with R < r 2 we can find 
c < oo and 5 > swc/i t/iai /or any r < \x\ < R 



(2.50) 1^(^(0^) < T mR y,X TD{0r) G D(0,r - s)) < cr" 5 + cs 



-1-2/3 



Proof. Let ^4(i?, r) denote the annulus D(0,R) \ D(0,r). Using a last exit 
decomposition we have 

^ X (T D(0 ,r) < T D[QtRY -X TD[0 r) E D(0, r - s)) 

w£D(0,r-s) y£A 

= ^2 Yl G A (x,y)pi(y,w) 

weD(0,r-s) r<|y|<r+r 1 /(2+/3) 

(2-51) + Yl E G A (x,y) Pl (y,w). 



w&D(0,r-s) r+r 1 /(2+/3)<| y |<K 



By (EH), for y G A 



pi(y, w )< 

weD(0,r—s) 



(\y\ - ( r -s))3+2/3- 



Let Uk = {y G : r + — 1 < \y\ < r + fc}. We show below that we can 
find c < oo such that for all 1 < k < r 1 ^ 2 ^', 

(2.52) Y °a(x, y) <ck, x G A 
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For the first sum in (|2.51|) . we then obtain 

E E G A{x,y)pi(y,w 

w£D(0,r-s) r<|j/|<r+r 1 /(2+/3) 
r l/(2+/3) 

< c E E G ^y) ' 



, , „„. (\y\-(r-s))^ 

r l/(2+/3) ^ 

- C E (I - 1 4- ^3+23 - C E 



' (fc - 1 + s) 3 + 2 ^ - ^ (j + s) 2 + 2 P 
k=l y ' j=0 VJ ; 

For the second sum in (|2.51jl . we use (j2,19|) to bound Ga(x,h) by clogR 
and the fact that the cardinality of U}. is bounded by c(r + k) to obtain 

E E CA(2;,y)pi(y,«;) 

«JGD(0,r-s) r+r 1 /(2+/3)<| J( |<R 

oo ^ 

<^ E E ^(^ j^-^mp 

<c{\ogR) ]T 

fc=r l/(2+/3) 

(2.54) < cilogRMr 1 /^)-^ 2 ^ + (r 1 /^))-^)]. 

By our assumptions on R, r and s we have our desired estimate, and it only 
remains to prove (|2.52|) . 

We divide the proof of Q2.52JI into two steps. 
Step 1. Suppose 1 < k < r l ^ 2+ ^ and x G D(0,r + k - 2). Then there 
exists < c < 1 not depending on k, r, or x such that 

(2.55) W X (T DM < T D(0>r+fc) ) > c/k. 

Proof. This is trivial if k = 1,2 so we may assume that k > 3 and that 
x G D(0,r) c . By a rotation of the coordinate system, assume x = (\x\,0). 
Let Yfc = • (0, 1), i.e., Yf. is the second component of the random vector 
Xf.. Since the covariance matrix of X is the identity, this is also true after 
a rotation, so is symmetric, mean 0, and the variance of Y\ is 1. Let S\ 
be the line segment connecting (r — 1, — k 1+/3 / 2 ) with (r — 1, k 1+ @/ 2 ) and S2 
the line segment connecting (r + k — 1, — fc 1+ ^/ 2 ) to (r + k — 1, k 1+ ^/ 2 ). We 
have Si C -D(0, r) because 

( r _ 1)2 + (fcl+/»/2)2 = r 2 _ 2r + x + fc 2+/3 < r 2 

by our assumption on k. Similarly S2 C D(0, r + k) because 

(r + k-l) 2 + (k 1+/3/2 ) 2 = (r + kf -2(r + k) + l + k 2+P < (r + A:) 2 . 
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Let Li be the line containing Si, i = 1,2, and Q the rectangle whose left 
and right sides are Si and 52, resp. 

If X hits L\ before L2 and does not exit Q before hitting L%, then 2Wo,r) < 
T D ( 0r+k y If Ti a A Tl 2 is less than fc 2 +/ 3 / 2 and y does not move more than 

k l+f3/2 

is time k 2+/3 ^ 2 , then X will not hit exit Q through the top or bottom 
sides of Q. Therefore 

^(^(o.r) < T D{Q , r+k) ) > ¥ x (T Ll < T L2 ) - ¥ x (T Ll A T L , 2 > k 2+ ^ 2 ) 

-P x ( max \Y\ > k 1+ ^ 2 ) 
j<k 2 +P/ 2 

(2.56) =I X -I 2 - 1 3 . 

By the gambler's ruin estimate [HI (4.2)], we have 

in K7\ t ^ (r + k-1)- \x\ c 

(2 - 57) 11 ^ C (r + k-l)-(r-l) * T 

It follows from the one dimensional case of ()9.9|) that for some p < 1 and all 
sufficiently large k 

(2.58) I 2 < P x (T Ll A T L2 > k 2+l3 ' 2 ) < p kNi = o(l/k). 

For ^3 we truncate the one-dimensional random walk Yj at level k 1+ ^^ and 
use Bernstein's inequality. If we let £j = Yj — Yj-i, £j = £jl(i£.|<fci+0/4) anc ^ 

(/,l+/3/4)3+2/3 
By Bernstein's inequality (jSj) 

/ k 2+ P \ 

(2.60) 1P( max \Y'\ > k 1+ ^ 2 ) < exp ( — — \ — - — — ). 

V ; j<fc 2 +' 3 / 2 V 2£; 2 +/ 3 / 2 + §fcl+/V2jfci+W 

This is also o(l/k). 
Step 2. Let 

J fc = max S~] G A (x,y). 

xEA *■ — » 

By the strong Markov property, we see that the maximum is taken when 
x G U k . Also, by the strong Markov property, 

(2.61) J k < m + sup E x \ V G A (X m , y) . 
We have 

[ ^ G A (X m , y);X m £ D(0, r + k - 3) 

veUk 

(2.62) < J k P x {X m i D(0, r + k-3)) 



(2.59) P x (Y j + Yj for some j < k 2+ ^ 2 ) < „ 14 . flM ^ 9fl = o(l/k). 
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and using (|2.55j) 

[ Yl G A(X m , y);X m g D(0, r + k-3) 

< E x [E Xm [J k ;T Uk < T mr) ];X m G D(0, r + k - 3)] 

(2.63) < J k (l-c/k)F x (X m G D(0,r + Jfe - 3)). 

Using (|2.32|) . there exists m and e > such that for all x G U k 

(2.64) r(I m Efl(0,r + fc-3))>£. 

Using (|2.64l) and combining (|2.62|) and (|2.63|) we see that for all x G U k 



GU(X m ,y)] <J k (l-<//k) 



E x 

yeUk 

for some < c' < 1. Then by (f2~BT|) 

(2.65) 4<m + J fc (l-c7A;), 

and solving for J k yields (|2.52() . 
□ 

Using (|2.21|) and (|2.50f) we can obtain that for some 5 > 

(2-66) ^ { T D(0,r) < Td(0,R) c ! T D(0,r) = T dD(0,r) s ) 

= iogW|^) +0(r _ J) + 0(s _, 

Iog(it/r) 

We now prove a bound for the Green's function in the exterior of the disk 
D(0,n). 

Lemma 2.5. 

(2.67) G D(0)n) c(x,y) < clog(\x\ A\y\), x, y G D(0, n) c . 

Proof ofLemma|15| Since G D ^ n) c(x, y) = F x (T y < T D(0jn) ) G D ^ n) c(y,y), 
and using the symmetry of G\D( 0in )c(x, y), it suffices to show that 

(2.68) G D(Q>n) c(x,x) < clog(\x\), xeD(0,n) c . 
Let 

Ui = 0, 

Vi = mm{k > Ui : \X k \ < n or \X k \ >\x\ 8 }, i = l,2,..., 
C/j+i = min{A; > : X k = x}, i = l,2,... 
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Then using the strong Markov property and (|2.19|) 



15 



(2.69) 



G mn)c (x,x) =K X I l {x}i x k) 

oo 

< T D (o,n) 

i=l Ui<k<Vi 
oo 

oo 

<c 2 log(\x\ 8 )Y,^ X (Ui<T D{0tn) ). 



i=l 



We have 



P x (U i+1 < T mn) ) < E x [P x ^(T D(Wr 

By 



(2.70) 



< 



W XUi {Td(0,\x\ s )c < T D{0,n)) — ^ X (Td(0,\x\8)c < T D{0,n)) 

log(|x|/n) + Q(n- 1 / 4 ) 

log(|x| 8 /n) 

log |ar| — logn + 0(n _1//4 ) 

8 log \x\ — logn 

log Id + 1 2 
< — < -. 

7 log | d, 7 



Therefore 



\Ui + \ < T D ( 0>n )) < |P a: (J7j < T D ( 0jn )) 



By induction P*^ < T D(0>n) ) < (f)*, hence Ei^C^ < ^(o,n)) < 

Together with (ISHSll . this proves 

□ 



Lemma 2.6. 



(2.71) sup P x (T D(0in+s) ^ T aD(0in)s ) < cn 2 log(n) s^" 2 ^ + en 

x€D(0,n+s) c 
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Proof of Lemma E2D Using (jZHZj) 
(2.72) sup P*(T D(0jn+s) ?T QD%n)a ) 

x£D(0,n+s) c 

= sup Y G D ^ n) c{x,y)pi{y,w) 

xez>(o,n+«) c ve£ , (0in+8 ) C 

u>GD(0,n) 

<c ^ log(|j/|)pi(y,tiO<c log(|y|)P(|Xi| > M-rc) 

s6fl(0,n+s) c j/GD(0,n+s) c 

< c Y MlyDdyl-n)- 3 - 2 ' 3 

yG-D(0,n+s) c 

< clog(n) Y, dfl " n )" 3 " 2/? + c E log(l2/l)(l2/l " n)- 3 ' 2/3 

n+s<|y|<2n 2n<|j/| 

< cn 2 log(n) s^ 2(3 + cn _1_/3 . 

□ 

3. Harnack inequalities 

We next present some Harnack inequalities tailored to our needs. We 
continue to assume that Condition A and (|1.2|) hold. 

Lemma 3.1 (Interior Harnack Inequality). Let e n < r = R/n 3 . Uniformly 
for x, x' G D(0, r) and y G dD(0, R) n 4 

(3.1) H D{0>R) c(x,y) = (l + O(n- 3 ))H D{0>R) c(x',y). 
Furthermore, uniformly in x G dD(0,r) n 4 and y G dD(0, R) n 4, 

(3.2) F x (X Td(0 R)C = y , T D(fi R y < T D{0jr/n 3)) 

= (1 + 0(n- 3 )) r(r flM c < T D(0ir . /n 3 ) )^ D(0 , fl ) C (x,y). 

Proof of Lemma 13. H It suffices to prove (|3.1j) with x' = 0. For any 

y G dD(0, R) n 4. we have the last exit decomposition 

H D (o,Rr(x,y) = Y G D(0:R) (x,z) Pl (z,y) 

zeD(0,R)-D(0,3R/4) 

+ Y G D(o,R)(x,z)pi(z,y) 

zeD(0,3R/4)-D(0,R/2) 

(3-3) + Y G D(o,R)(x,z)pi(z,y). 

zeD(0,R/2) 

Let us first show that uniformly in x G D(0,r) and z G D(Q, 3R/4) — 
D(0,R/2) 

(3.4) G mR) (x,z) = {l + O(n- 3 ))G D(0 , R) (0,z). 
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To this end, note that by ()2.3j) . uniformly in x G -0(0, r) and y G D (0, R/2) c 

2 

(3.5) a(y — x) = — log |x — y| + k + 0(\x — 

7T 

2 o 
= — log | y | + k + 0(n 6 ) 

7T 

= a(y) + 0(n- 3 ). 

Hence, by (|2.8|) . and using the fact that H D r 0jR \c(z, •) is a probability, we 
see that uniformly in a; £ -D(0, r) and z G D(0,R) - D(0,R/2) 

(3.6) G^jj) (», z) = G D(0iR) {z, x) 
^2 H D($,Ry{z-,y)a{y - x)\ - a{z - x) 

^e-D(0,-R) c J 

= G mR) (z,0)+O(n~ 3 ). 

By J23HI), Gd(o,.r)0,0) > c> uniformly for z G D(0,3i2/4) - D(0,R/2), 
which completes the proof of 1)3.4)) . 

We next show that uniformly in x G -0(0, r) and z G D(0, R)-D{0, 3R/4) 

(3-7) G D(0iR) (x,z) = (l + O(n- 3 ))G D(m (0,z). 

Thus, let z G -0(0, R) — -0(0, 3/2/4), and use the strong Markov property to 
see that 



(3.8) G\D(o,fl)(2,aO - IE 2 ( G\D( 0) ii) (Xt d(0i3H/4) , a) ! T D(o,3R/4) < t d(o,r) 
= K z \ G D (p,R)(XT D{0t3R/i) ,x) ; r D ( 0j 3^/4) < T£>( ,fl) ; | -Xtj, C0 , 3 ii/4) I > R / 2 

+E Z (g D ( 0)R) (X Td{0 3Jl/4) , x) ; Ib( 0)3Ji /4) < T D(0iR ) ; |^t d(0j3J?/4) I < -R/2 
By ()2.19j) and 1)2.72)1 we can bound the last term by 

(3.9) cflog fl) (|X Td{03J{/4) I < fl/2) < c(log J R) 2 J R- 1 " 2 ' 3 . 
Thus we can write 1)3.8(1 as 

EZ ( G! D(o, J R)(-X'r I , (0i s Jl/4) ,a?) ; r C ( 0>3fl /4) < T D ^ R) ; |^t d(0i3J?/4) I > R/2 

(3.10) =G D(0ji?) (z,x) + O(-R- 1 - /3 ). 

Applying 1)3.4)) to the first line of 1)3.10)1 and comparing the result with ()3.10)) 
for x = we see that uniformly in x G -0(0, r) and z G D(0,R) — -0(0, 3R/4) 



(3.11) G D(0ji?) (x, z) = (1 + 0(n~ 3 )) G D(0 ,fl)(0, z) + C^iT 1 ^). 
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Since, by (j23BJ), G D ( 0)R )(0, z) > c/R, we obtain (|3~7|) . 

If X has finite range then the last sum in (|3.3j) is zero and the proof of 
(|3.1j) is complete. Otherwise, assume that Ijl.SJl holds. We next show that 

(3.12) G Dim (x,z) Pl (z,y) = 0(R- 3 -P). 

z€D(0,R/2) 

By (|2.19|) we have Gomm (x, z) = 0(logi?) so that the sum in (|3.12|) is 
bounded by 0(logR) times the probability of a jump of size greater than 
\y\ - R/2 > R/2, which gives <PTT51> . 

To prove QH.1|I it now suffices to show that uniformly in y £ dD(0, R) n i 

(3.13) R- 3 ~P <cn- 3 H mR)c (0,y). 

Using once more the fact that G^mm (0, z) > c/R by (|2.38jl . 

(3.14) H mR)a (0,y) = Yl G mR) (0,z) Pl (z,y) 

\zeD(p,R) J 

(|3.13|) then follows from (jl.3j) and our assumption that R > e n , completing 
the proof of (|3.1|) . 

Turning to (|3.2jl . we have 

(3.15) F x (X Td(0 R)C = y , T d( q :R) c < T D (p >r / n a)) 

= H D(0,R) c ( x iy) ~ pX ( X T Di0!R) c = y, T D (Q jR y > T D ( 0r / n 3)). 
By the strong Markov property at T D r 0r / n 3\ 

(3.16) P x (Xt d(0M)C = y, T D{ Q^ R y > r D (o,r/n 3 )) 

= ^ x (H D (o,R)4 x T D(0ir/n3) ,y); t D (o, R )c > T D ^ r/n 3^). 

By 1)3. uniformly inw£ Z)(0, r/n 3 ), 

H D ( Q; n)c(w,y) = (l + 0(n~ 3 )) H D ^ n y(x,y) . 
Substituting back into IJ3.1fi|) we have 

^ X ( X T D{0!R) c = V, ^D(0,i?) c > ^D(0,r/n 3 )) 
= (1 + 0(n" 3 )) P x (T D(0jR)c > T D(0ir/n3) )^ ( o, fi ) C (x,y). 
Combining this with ()3.15j) we obtain 

(3.17) P x (X Td{0 R)C = y, T D ( 0)i j )c < rD( 0j7 ./ n 3)) 

= (P(^ (0 ,fi)c < T mr/n3) ) + 0(n~ 3 )) H D[0>R) c(x,y). 
Since, by (|2~27J1) 

(3-18) inf ^(^(q^c < T D{0tr/n3) ) > 1/4, 

xeaD(0,r) n4 

we obtain H3.2() which completes the proof of Lemma 13.11 
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□ 

Using the notation n, r, R of the last Theorem, in preparation for the 
proof of the exterior Harnack inequality we now establish a uniform lower 
bound for the Greens function in the exterior of a disk: 

(3.19) G D(0}r+n 4 )c (x,y) >c>0, x G dD(0, R) ni , y G D(0, Rf. 

Pick some x\ G dD(0, R) and proceeding clockwise choose points xi,..., x^q G 
dD(0, R) which divide dD(0, R) into 36 approximately equal arcs. The dis- 
tance between any two adjacent such points is ~ 2i?sin(5°) ~ .17R. It then 
follows from ()2.21[) that for any j = 1, . . . , 36 

(3.20) inf F X (T D{ R/5) < T fl(0ir+n4) ) 

x€J-n(x js R/S) 

> inf r : {T D{x . +1>R/5) <T D{x . +um c)>c 1 >Q 

:£ fc J D(i J + 1 ,2H/5) 

for some c\ > independent of n, r, R for n large and where we set X37 = x\. 
Hence, a simple argument using the strong Markov property shows that 

(3.21) inf inf F x (T D(x ^ R/5) < T D ^ r+ni) ) > c 2 =: cf 

Furthermore, it follows from ()2.16j) that for any j = 1, . . . , 36 

(3.22) inf F^, < T D(0jr+n4) ) 

X,X &J-D(xj,R/B) 

> inf F X (T X , < T Dix r jR/2) c) > c 3 / log R 

rre - / D(i',2ii/5) 

for some C3 > independent of n,r,R for n large. Since dD(0, R)r/ioo Q 
Vjf =1 D(xj,R/h), combining (|3~2T|) and (|3~2^)) we see that 

(3.23) inf F X (T X , < T D(0 . r+n4) ) > c 4 /logR. 

x,x'edD(0,R) R/100 
It then follows from (|2.13j) that 

( 3 - 24 ) , Q i? f ™ G D(0,r+n*)°(x,x') 

x,x'edD(0,R) R/1O0 

= inf W X (T X > < T D(0 . r+n 4))G D(0 +n 4 )c (x',x / ) 

x,x'edD(0,R) H/100 

> (c±/\ogR) Gd{ x > ,R/2){x' ,x') > c 5 > 

for some C5 > independent of n, r, R for n large. 

Using the strong Markov property, (|3.24[) . and (|2.72|) we see that 

(3.25) inf G D ( 0r+n 4)c(z,x) 

> E z [G D ^ r+n 4- ) c(X TD(0101R) ,x);X TD(0101R) G dD(Q,R) R / 100 ] > c> 0. 
Together with (|3.24|) this completes the proof of (|3.19j) . 



20 RICHARD F. BASS AND JAY ROSEN 

We next observe that uniformly in x E dD(0, R) n 4 , z E D(0, 2r) — 
D(0,5r/4), by ll3~T9l) and fTM . 

(3.26) G_D( 0)J . +n 4)c (x, z) = G Z) (o ir+ „4) C (2, x) 

= E z ^G D ^ r+n 4.y(X T:D(S)R)c ,x) ; T D (p iR y < T D ^ 0r+n 4^ 

> cP 2 {T D ( R ) C < T D (Q >r+n 4)} 

> c/ log n. 

Our final observation is that for any e > 0, uniformly in x E dD(0, R) n 4 , z E 
D(0, 2r) - D(0, r + (1 + e)n 4 ), 

(3.27) GD(o, r+ ™^(^ z) > <Rlog R)- 1 . 

To see this, we first use the strong Markov property together with (|3.23|) to 
see that uniformly in x, x' E dD(0,R) n 4 and z E D(0, 2r) — D(0, r+(l+e)n 4 ), 

(3.28) G D ( 0ir+ „4) C (x, z) > T x {T x i < T D ( 0i7 . +n 4))G£ ) (o ir+n 4)c(x', z) 

> cG' jD(0ir+n 4 ) c(a;',2;)/logfl. 

In view of (|2.38|) . if x' E dD(0, R) n 4 is chosen as close as possible to the ray 
from the the origin which passes through z 

(3.29) G D ( r+n 4)c(x',z) > G D ( x / : \ x i\_( r+n 4))(x', z) > cR . 
Combining the last two displays proves Q3.27JI . 

Lemma 3.2 (Exterior Harnack Inequality). Let e n < r = R/n 3 . Uniformly 
for x, x' E dD(0, R) n 4 and y E dD(0, r) n 4 

(3.30) H Di0<r+n 4 } (x,y) = (l + 0(n -3 logn)) H D ^ r+n ^(x' \y). 
Furthermore, uniformly in x E dD(0, R) n t and y E dD(0,r) n 4 , 

(3.31) P x (X TD(0r+n4) = y; T D ^ r+n ^ < T D ^ n 3 R y c ) 

= (^l + O(n- 3 logn))p x ( T D(0,r+n4) <T D (o,n 3 Ry) H D(Q,r+n±)( x >y), 

and uniformly in x, x' E dD(0, R) n 4 and y E dD(0, r) n 4, 

(3.32) W x {X TD{Q r+ni) =y; T D ^ r+n ^ < T D( p tn 3 R y) 

= (l + 0(n- 3 log n)) P*' (X Td(q r+n4) =y; r D(0ir+n 4) < T D(0iri3iJ)c ). 

Proof of Lemma 13.21 For any x E dD(0, R) n t and y E 9D(0, r) n 4 we 
have the last exit decomposition 

H D ( 0>r+n <t)(x,y) = G D{0tr+n 4 ) c(x,z)pi(z,y) 

2G-D(0,5r/4)-D(0,r+n 4 ) 

+ G D{0jr+n 4 ) c(x,z)p 1 (z,y) 

zG-D(0,2r)-D(0,5r/4) 

(3.33) + ^ G D{ ^ r+n 4 ) c(x,z)p 1 (z,y). 

zeD c (0,2r) 
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Let us first show that uniformly in x, x' G dD(0, R) n * and z G D(0, 2r) — 
£>(0,5r/4) 

(3.34) G D{0tr+n 4 )c (x,z) = (1 + 0(n~ 3 logn)) G D{0 , r+n 4) C (x' , z). 

To this end, note that by ()2.3|) . uniformly in x,x' G dD(0, R) n 4 and y G 
D(0,2r) 

2 

(3.35) a(x — y) = — \og\x — y\+k + 0(\x — y\~ 1 ) 

= -logR + k + 0{n- 3 ) 

7T 

= a(x' -y) + 0(n" 3 ), 
and with TV > n 3 R the same result applies with y G D(0,N) c . Hence, by 



IpTSj) applied to the finite set A(r + n 4 , iV) =: L>(0, iV) - D(0, r + n 4 ), and 
using the fact that -f^A(r+n 4 ,A r ) c ( z ; ") is a probability, we see that uniformly 
in x, x' G <9L>(0, i?) n 4 and z G £>(0, r + n 4 ) c 

(3.36) G , j4 ( r . +n 4 iA r)(x,2:) = G A ( r+n 4 i7V )(z,x) 

^2 H A{r+n 4^ N) c (z, y)a{y - x) \ - a(z - x) 

jeD(0,r+n 4 )Ufl(0,Af) c J 
s S/eD(0,r+n 4 )UD(0,A r ) c 

-a{z - x') + 0(n~ 3 ) 

= G f j4(r . + „4 iV) (^,a;') + 0(n~ 3 ). 

Since this is uniform in iV > n 3 i?, using (|2.67f) we can apply the dominated 
convergence theorem as N —* oo to see that uniformly in x, x' G dD(0, R) n 4 
and z G D(0,2r) 

(3.37) G f I? (o jr+ri 4)c(a;, z) = G D{ ^ r+n iy(z, x') + 0(n~ 3 ). 

Applying (|3.26|) now establishes ()3.34|) . 

We show next that uniformly in x, x' G dD(0, R) n 4 and z G -D(0, 5r/4) — 
£>(0,r + n 4 ) 
(3.38) 

^(o.r+n*)^^^) = (1 + 0(n~ 3 logn)) G D{0:r+n 4)c(x' , z) + Oir- 1 - 2 ? \ogr). 

To see this we use the strong Markov property together with ()3.34|) and 
(f!To7)) to see that 

(3.39) G D ^ r+n 4- )C (x, z) = G D ( 0>r . +n 4) C (z,x) 

= E z {G D (Q tr+n 4y(X D (p£ r /4jc,x) ; Tb(0,5r/4) c < ^D(0,r+n 4 )} j 
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and this in turn is bounded by 

^ {CD(0,r+n 4 ) c (^D(0,5r/4) c ) x ) i ^D(0,5r/4) c < ^D(0,r+n 4 ) > I^D(0,5r/4) c I — 2r} 
+E Z {G f D(0,r+n 4 ) c (XD(0,5r/4)C)a ; ) i ^D(0,5r/4)= < ^Z)(0,r+n 2 ) > I^D(0,5r/4) c I > 2r} 

< (l + 0(n~ 3 log n)) E z {G D ^ 0)r+n ^c(X D ^ Sr /^c , x') ; T D ( 0i5r / 4 ) C < T D ( r+n 4)} 

+clog(i?)P z {|X D(0i5r/4)c | >2r}. 

Using (j3.39|) we see that 

^ {C_D(0,r+n 2 ) c (^D(0,5r/4) c ) ^0 ! ^D(0,5r/4) c < ^D(0,r+n 4 )} = G D (Q tT+n Ay (x', z) . 

As in (|2.45|) . by using (|2.19|) and (|2~Tj) we have 

(3.40) P*{|X D(0j5r/4)c | >2r} 

= X] G D(0,5r/4)(z,y)pi(y,w) 

\y\<5r/i 

2r<\w\ 

< clogr F (\ X i\ > 3r / 4 ) 

|y|<5r/4 
j/|<5r/4 

This establishes (EP£|) . 
We next show that 

(3.41) ^ G' D(0ir+n 4 )c (x,z)p 1 (z,y) = O(r- 3 ^). 

ze£> c (0,2r) 

It follows from (|2.67f) that Gjj^^c^z) = 0(logi?), so that the sum in 
(|3.12j) is bounded by 0(log R) times the probability of a jump of size greater 
than \z\ — r — n > r — n > r/2, which gives ()3.41[) . 

To prove ()3.3U[) it thus suffices to show that uniformly in x G dD(0, R) n i 
and y G dD(0, r) n 4 

(3.42) r- 1 - 2 ^ log r < en" 3 D(0)r+n 4) (x,y). 

Using the last exit decomposition together with (J3.27|) we obtain 

(3.43) #D(0,r+n 4 )O,y) = Y G D(0,r+n^(x,z)pi(z,y) 

zeD(0,r+n 4 ) c 

r+(l+e)n 4 <\z\<2r 

for any e > 0. Note that the annulus {z \ r + (1 + e)n 4 < \z\ < 2r} contains 
the disc D(v,2(l + e)n 4 ) where v = (r + 3(1 + e)n 4 )y/\y\, and we have 
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2(1 + e)n 4 <\y-v\< 3(1 + e)n 4 . Thus 

(3.44) Pl(*>f) ^ E 

r+(l+e)n 4 <\z\<2r z6-D(t>,2(l+e)n 4 ) 

zeD(v,2(l+e)n 4 ) 
2eD(0,2(l+e)n 4 ) 

Hence by (jl.3|) and our assumption that r > e n 

(3.45) F D(0)r+n4) (x,y) > c( J Rlog J R)- 1 e-( 1 + e ) 1/4 ' 3n > cr -i— d+e) 1 ^ 

and thus (|3.42[) . and hence ()3.3(Jj) . follows by taking e small. 
The rest of Lemma 13.21 follows as in the proof of Lemma 13.11 

□ 



4. Local time estimates and upper bounds 

The following simple lemma, the analog of |111 Lemma 2.1], will be used 
repeatedly. 

Lemma 4.1. For \xq\ < R, 

(4-1) E x °(L° TmoR)c ) = G mR) (x ,0). 

For all z > 1 

(4.2) ^"(^(o^c > zG D{m (0,0)) < c^e~ z 

for some c < oo independent of xq, z, R. 

Let xq 0. Let < tp < 1 and set A = <p/G D r OR \(Q,0). Then 

( -XL 

(4.3) E x ° e t d(o,r)c 



M^) + O(ko|- 1/4 ) <p f 1 A 

log(i?) 1 + A dog(|x |)V 



Proof of Lemma I4.lt S 



mcc 



(4.4) L% = V 1 



{Jf i= 0}> 
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(|4.1j) follows from (|2.4jl . Then we have by the strong Markov property that 

\0<h<-<jk<T Dio , R) ci=l 

(k-l 
0<h<-<j k -i<T D [o,Ryc i=l 

= fcE !BO (L§ b(0iii)c )*- 1 G i3( o^)(0 ) 0). J 
By induction on fc, 

(4.5) E^(L° D(()fl)c ) fc = ffi flM ( IOl O)(G DM (0,0)) t - 1 . 

To prove use (|4~5|) . (j2~TT|) and Chebyshev to obtain 

A;' 

(4-6) ^(^^^(O.O))^ 

then take k = [z] and use Stirling's formula. 

For (|4.H|) . note that, conditional on hitting 0, is a geometric 

random variable with mean Gd(o,.r) (0, 0). Hence, 

E x / g T D(0,R) c 



= i - p» (t < r D(0iR) .) 

(4.7) + r.(T„<T D|w )( (e> _ 1)OD ; g|(00) + 1 ) 

Since by (l2~T51) 
(4-8) ^ ^— — = 0(l/log( J R)) 

<^D(0,_R)(0,0J 

we have 

(4.9) (e A -l)G 1)(0ii?) (0,0) + l = l + ^ + O / ' 

and (|Q|) then follows from (|4~7|) and (|2.16|) . 
□ 



log(fl) 



We next provide the required upper bounds in Theorem ll.2l Namely, we 
will show that for any a £ (0,2] 
(4.10) 



[x e D(0,m) : ^ o(0 , m)C > (2a/vr)(log m) 2 } 



log 

lim sup 

m^oo log 771, 



< 2 — a a.s. 



FREQUENT POINTS FOR RANDOM WALKS 



2 r , 



To see this fix 7 > and note that by (|4.2j) and (|2.13j) . for some < 5 < 7, 
all x £ D(0, m) and all large enough m 



(4.11) 

Therefore 

(4.12) 



D(x,2m) c 

(log m) 2 



> 2a/vr < m- a+& 



x £ D(0,m) 



L 



T, 



D(0,m) c 

(logm) 2 



> 



2a/vr| 



< m -(2-a)- m (\( xe D r Q m) . L Tn< , m r > 2fl/ 1 
\ I I (logm) 2 J 



> m 2 " a+7 



m 



-(2-a)-7 



i6fl(0,m) 



i6D(0,m) 



' T % 

Ljrp 

(log m) 2 

' ri 

1 D(x,2m.) c 

(log m) 2 



> 2a/vr 



> 2a/vr 



Now apply our result to m = m n = e n to see by Borel-Cantelli that for some 
N{oj) < 00 a.s. we have that for all n > N{oj) 

Ln 



(4.13) \{x£D(0,en: ^>Vt} 



< e ( 2 ~ a+ T) n . 



Then if e n < m < e n+1 



L x 

(4.14) fx G 13(0, m): > 2a/7r| 

I (log mr J 



< 



Lrp 

J- r 



I v ; (loge™) 2 ~ 1 J 



x e D(0,e n+1 ) : 



Lrp 



i D(0,e n + 1 ) c 

n+l\2 



(loge 



> 



2a(l + l/n)^ 2 /vr} 



< e (2-a(l+l/n)- 2 + 7 )(n+l) < m (2-a(l+l/n)- 2 + 7 )(n+l)/n_ 

(|4=.10|> now follows by first letting n — ► 00 and then letting 7 — > 0. 
□ 



5. Lower bounds for probabilities 



Fixing a < 2, we prove in this section 
(5.1) 



lim inf • 

m—i-oo 



log 



x £ D(0,m) : ^ m)C > (2a/vr)(log m) 2 } 



logm 



> 2 — a a.s. 
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In view of (|4.1()j) , we will obtain Theorem 11.21 . 

We start by constructing a subset of the set appearing in (Oil , the 
probability of which is easier to bound below. To this end fix n, and let 
r n,k = e n n 3 ( n ~ k \ k = 0, . . . ,n. In particular, r n ^ n = e n and r n fl = e n n 3n . 
Set K n = 16r nfi = lGe n n 3n . 

Let U n = [2r n fi, 3r n .o] 2 C D(0,K n ). For x G t/ n , consider the x-bands 
dD(x, r„ 5 fc)n 4 ; fe = 0, . . . , n. We use the abbreviation fe = r n ^ + n 4 . For 
x £ U n we will say that the path does not skip x-bands if 

(!) T D{x,r' n ) < T D(0,K n )<= and T D(x,r' n0 ) = T dV(x,r n>0 ) n4 - 

(2) For any t < T£,(Q x n ) c such that Xt G dD(x,r n ^) n i we have: 
(2') if A; = then 



T D(x,r' n l ) KT D (p }Kn )c) O0 t = (JaD(x,r nil ) n4 AT D(0,Jf„)' 

(2") if A; = 1,... ,n- 1 then 

(V; t+1 ) AT %^-i) c ) o61 * = ( r 90(a;,r„, fc+1 ) n 4 AlgD^^^^j 
(2 W ) if jb = n then 

(r D ( a;)rn>n _ 1 )o) o 6»i = ( T aD ( x>rn n _ l)nA 



otf t , 



For x £ D(0, _fT n ) , let N® k denote the number of excursions from Z)(x, r n k—ij 
to D(x,r' nk ) until time T D ^ Kn y. Set A4 = 3afc 2 logA;, and k = 4 V 
inf{£; |A4 > 2/c}. We will say that a point x £ U n is n-successful if the 
path does not skip x-bands, N* k = 1 , VA; = 1, . . . , ko — 1 and 

(5.2) Mk~k< N^ k <N k + k Vk = k ,...,n. 

Let {Y(n,x) ; x G ?7 n } be the collection of random variables defined by 

Y(n, x) = 1 if x is n-successful 

and Y(n, x) = otherwise. Set q n>x = P(Y(n, x) = 1) = E(Y(n,x)). 

The next lemma relates the notion of n-successful and local times. As 
usual we write log 2 n for log log n. 

Lemma 5.1. Let 

<S n = {x G U n \ x is n-successful}. 
Then for some N(u) < oo a.s., for all n > N(lo) and all x G S n 
L x 

——>2a/*-2/)cten. 

Proof of Lemma l5.H Recall that if x is n-successful then N x n > N n — n = 
a(3n 2 logn) — n. Let L x, i denote the number of visits to x during the j th 
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excursion from dD(x,r ntn ) n 4 to D(x, r n)n _i) c . Then for any < A < oo 

P x := P (L$ D(0 Kn)c < (2a/vr - 2/ log 2 n)(log K n f , x £ S r 
1 Afn—n 

\2 



< P ^ L x > j < (2a /vr - l/log 2 n)(3nlog 



n) 



(5.3) < exp (A(2a/vr - 1/ log 2 n)(3n log n) 2 ) E (V AE ^™° 



If r denotes the first time that the (M n — n) th excursion from D(x, r„ )ri _i) 
reaches dD(x,r ntn ) n 4 then by the strong Markov property 

(5.4) E(e~ A ^=° L 



Set A = ^/Go^^^j)^^). By (jHHI), with r = r n , n = e n ,i? = r ni „_i 
n 3 e n , for any < <f) < 1 and large n 
(5-5) 

sup E» f e AX ^™,«-i> c ) < exp f J 1 ~ 1 / 2l J n ) ^ 3(log n)/n 
Hence by induction 

(5.6) E ( e -AE&-^) < exp (-^^^9an(log n) 2 ) . 

Then with this choice of A, noting that G D r x rn n _ x )(£C, x) ~ by (|2.13[) . 
we have 

(5.7) P x < inf exp ({0(1 - l/21og 2 n) - (1 ~ ^ }9an(log n) 2 ) . 
A straightforward computation shows that 

(5.8) i n> f^-_l_^ = -( v ^- V S) 2 

which is achieved for = yf]3/yfa — 1. Using this in ([5.7J1 we find that 

(5.9) P x < exp (— cn(log nj log 2 n) 2 ) . 

Note that |{7 n | < e cnlo s n . Summing over all i £ [/„ and then over n and 

applying Borel-Cantelli will then complete the proof of Lemma 15.11 

□ 

The next lemma, which provides estimates for the first and second mo- 
ments of Y(n,x), will be proved in the following sections. Recall q UtX = 
F(x is ra-successful) . Let Q n = inf xe ;y n q n ,x- 



28 



RICHARD F. BASS AND JAY ROSEN 



Lemma 5.2. There exists 5 n — > smc/i that for all n > 1, 

(5.10) Q n > K-( a+s "\ 
and 

(5.11) Q n > cq n ,x 

for some c > and all n and x £ U n . 

There exists C < oo and S' n — > smc/i i/iai /or a// n, x ^ y and l(x,y) 
mm{m : D(x, r n>m ) n r n>m ) = 0} < n 



(5.12) 



E(y(n,x)y(n,y)) < CQ 2 (/(x, y)!) 3a+a <'(-») . 



Proof of Theorem 11.21 In view of (|4.10|) we need only consider the lower 
bound. To prove ()5.1|) we will show that for any 5 > we can find po > 
and Nq < oo such that 



(5.13) 



( £ l { y (n , x . )=1} >^- a -M >p 



for all n > Nq. Lemma [5. II will then imply that for some p\ > and JVi < 



3C 



(5-14) 

ra>0 



{x G L>(0, tf n ) : L x Tmo Kn)c > (2a/vr - 2/ log n)(log K n ) 2 } 



> K, 



2-a-S 



> 



for all n > N\. As in the proof of (|4.1U|I and readjusting 5 > we can find 
P2 > and iV2 < °° such that 



(5.15) P° (|{x G D(0,n) : L* Td(q n)c > (2a/vr)(log n) 2 } 



> n 



2-o-<5 



> £>2 



for all n > iVV Then by Lemma 19.41 with a further readjustment of 8 > 
we will have that 



(5.16) 



x G 



: LI > (a 



/2vr)(logn) 2 }| > n 1 -^) > p 3 



for some j»3 > and all n > N% with N$ < 00. This estimate leads to (|5.1(1 
as in the proof of Theorem 5.1 of j^. 

Recall the Paley-Zygmund inequality (see page 8]): for any W G L 2 (Q) 
and < A < 1 



(5.17) 



\W > XE(W)) > (1 — A) 



2 (H 

E(W 2 ) ' 



We will apply this with W = W n = Yl x &u n l{Y(n,x)=l}- We see by (|5.1Ujl of 
Lemma 15.21 that for some sequence 5 n — > 



(5.18) 



\xeu n I xeu„ 
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Thus to complete the proof of IJ5.1HJ) it suffices to show 



20 



(5.19) E ((E V(^)=i}| J <4 E ( E 1 



{Y(n,x)=l} 



for some c < oo all n sufficiently large. Furthermore, using (|5.18fl it suffices 
to show that 



(5.20) E 



E i 



{Y{n,x)=l}l{Y{n,y)=l} 



< c 



J 



\xeUn 



{Y(n,x) = l} 



We let C m denote generic finite constants that are independent of n. The 
definition of l(x, y) > 1 implies that \x—y\ < 2r n ju y \_i. Recall that because 
n>l, there are at most C r^_ 1 < C i^/n 6 ( i_1 ) < C K^l 6 (ll)~ e points y 
in the ball of radius 2r n ^_i centered at x. Thus it follows from Lemma IB~2l 
that 



(5.21) 



E E(y(n,x)y(n,y)) 



2r n ,n<\x-y\<2r n fl 



1 1 l(x,y) 



2r n , n <\x-y\<2r n}0 



< E E E CjO 80 ^ 

3=1 {y|/(a',j/)=j} 
n 

^CaQME^/O^-^iO 30 ^ 

n 

<C 4 (^Q n ) 2 ^/(i!)- 3 ( 2 -^ 

3=1 

< c 5 (^ 2 q„) 2 < c 6 |e [y, I 



where we used the fact from (I5.1U|) that 



(5.22) K 2 n Q n < c V q n>x = cE V Y(n, x 



x&U n 



\X&U n 
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Because Y(n,x) < 1 and E7(n,x) = q n ^ y < cQ n , we have 

(5.23) ^(Y(n,x)Y(n,y))< £ E(Y(n,y)) 

\x—y\<2r n ,n \x—y\<2r n ,n 

<C 7 Yl K 2 Q n <C 8 e 2n K 2 Q n . 

x ; \x\<2r n , n 

By (ETTUl) 

KlQ n > Kl~ a ~ K > ce 2n . 
This and (|5.22|) show that the right hand side of (|5.23jl is bounded by 

(5.24) C 9 |e^ y(n,x)^| . 

We know that if x,y £ U n , then \x — y\ < 2r n $. Thus combining (15.21(1 . 

(fo^|) . and lUCm) completes the proof of (f5~2U)) and hence of (f5~T|) . 

□ 

Proof of Theorem 11.11 The lower bound is an immediate consequence of 
Theorem 11.21 The upper bound is a consequence of (|4.2|) as follows; cf. the 
proof of H (2.8)]. Let 5 > 0. By (l2~T31) and (OJ) 

(5.25) P°( sup L| ^(l + ^log 2 ^) 

xeD(0,R) ( ' ' n 

< E ^(L^ mc >^l + 6)lo g 2 R) 

x£D(0,R) 

< CR 2 ((1 + 25) log i?)V2 e -2(l+5/2) logfi < cR -5/A 

for i? large. By Borel-Cantelli there exists Mq(uj) such that if m > Mq, then 

L* T < -(1 + 5)log 2 (2 m ). 

If m > Mo, 2 m < n < 2 m+1 , and m is large, 

IX <L* T < -(1 + 5)log 2 (2 m+1 ) < -(1 + 25) log 2 n. 

Since 5 is arbitrary, this and Lemma 19.41 prove the upper bound. 
□ 

6. First moment estimates 

Proof of (|5.10|) and (|5.11|) : For x G U n we begin by getting bounds 
on the probability that T DfyX y n Q) < T D ^ Kn y and T DtyX y n Q ) = T dD ^ rn ^ nA . 
Since 

( 6 - 1 ) P ( T D{x,r' n ,o) < T D(0,K n )c ; T D(x,r' nfi ) = T dD(x,r nfi ) n i) 

> P ( T D(x,r; :0 ) < T D(x±K n y ; T S(z,<o) = T M?(x,r n , ) n 4) 



FREQUENT POINTS FOR RANDOM WALKS 31 

we see from (|2.66|) that uniformly in n and x £ U n 

(6.2) P (r D(x y n o) < T D{0 Kn) c ; T D{x y n o) = T gD ( X)rn ) n4 ) > c 
for some c > 0. And since for x £ U n and y £ dD(x, r n fi) n 4 

(6.3) P^ (T D{x y ni) < T D{x x_ Kn)C ; T D[x y ni) = l} J 

< ¥ y (T D ( x y n ^ < T D ( Kn )c ; T D ( x y n ^ = T dD(yX ^ n l ) n ^ 
< ^ v {r D{x y n i ) < T D ( Xj2Kn y ; T D{x y n i) = T dD(yX ^. n l)n ^ 

we see from (j2.66|) that uniformly in n, x £ U n and y £ 9D(x,r„o) n 4 
(6.4) 

c/logn < P y (r D(x y n i) < T D(0iKn) c ; T D(x y n i) = T gD{Xjrn l)n4 ) < c'/logn. 

Similarly, since for x £ U n and y £ dD(x,r n> o) n i 

(6.5) F (T D(fStKn)e < T D{x y n i) ) > F y {T D{x , 2KnY < T D{x y n i) ) 

we see from (|2.49|) that uniformly in n, x £ U n and y £ dD(x,r n fi) n 4. 

(6-6) F y (T Di0>Kn)B < T D{x y ni) ) > c> 0. 

These bounds will be used for excursions at the 'top' levels. To bound ex- 
cursions at 'intermediate' levels we note that using Q2.49JI . we have uniformly 
for x £ dD(0, r n i) n 4, with 1 < I < n — 1 

(6.7) F x (r D ( 0>rn l l )c < T D(0 y n i+i) ; lb( ,r n ,i_i)« = T 9D ( 0>rnll ) n4 ) 
= l/2 + 0(n- 4 - 4 ^), 

and using (|2.66|) . we have uniformly for x £ dD(0, r n i) n 4, with 1 < I < n — 1 

(6.8) P x ' (r Di oy ni+i) < T D{0>rnl l) c ; T D(0jr ^ +i) = r ao(0jnM+l)n4 ) 
= l/2 + 0(n~ A - A P). 

For excursions at the 'bottom' level, let us note, using an analysis similar 
to that of (|2.43|) . that uniformly in z £ D(0, r n ^ n ) n 4 

(6.9) F z (T D{0irn>n _ lY = T ai3( o, rnin _ l)n4 ) = 1 + 0(n~^). 

Let m = (m2,m3, . . . ,m n ) and set \m\ = ^Y^=2 m 3 + 1. Let Tt n (fh), be 
the collection of maps, ('histories'), 

ip : {0,1,... , |m|} i->{0,1,... ,n} 

such that ip(0) = 1, (p(j + 1) = cp(J) ± 1, \fh\ = inf{j ; ip(j) = 0} and the 
number of upcrossings from £ — 1 to I 

<£) =: + 1) | (<p{j),<p(j + 1)) = (*- 1,£)}\ = 
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Note that we cannot have any upcrossings from £ to £+1 until we have first 
had an upcrossing from I — 1 to i. Hence the number of ways to partition the 
u(l + 1) upcrossings from I to i + 1 among and after the u(£) upcrossings 
from I — 1 to I is the same as the number of ways to partition u(£ + 1) 
indistinguishable objects into u{£) parts, which is 



(6.10) 



u{£ + l)+u{£) - 1 
u{£) - 1 



Since u{£) = mi and the mapping is completely determined once we know 
the relative order of all its upcrossings 



n-l 



(6.11) \H n {m)\ = H 



1=2 



m e+1 + m e -l 
mi - I 



What we do next is estimate the probabilities of all possible orderings of 
visits to {dD(x,r n j) n 4 : j = 0, . . . , re}. Let £l x ,n denote the set of random 
walk paths which do not skip x-bands until completion of the first excursion 
from dD(x,r nt i) n 4 to dD(x,r n fl) n 4. To each random walk path u> S tl X) n 
we assign a 'history' h{uj) as follows. Let r(0) be the time of the first visit 
to dD(x,r nj i) n 4., and define r(l),r(2), ... to be the successive hitting times 
of different elements of 

{dD(x, r nfi ) n 4, ... , dD(x, r ni „) n4 } 

until the first downcrossing from dD(x,r n ^) n 4 to dD(x, r n $) n 4. Setting 
$(y) = k if y £ dD(x,r ntk ) n 4, let h{u)(j) = $(w(r(j))). Let h\ k be the 
restriction of h to {0, . . . , k}. We claim that uniformly for any ip £ TC n (m) 
and z G dD(x, r n .i) n 4 

(6.12) F*{h llfh[ =<p;n x , n }=^-) {l + 0(n- 4 - 4 ^)} . 

To see this, simply use the strong Markov property successively at the times 

r(0),r(l),... J r(|m|-l) 

and then use (|6~7 |) - (j63)) . 

k 

Writing m ~ Mk if m = 1 for k < ko and \m — A4| < k for k > kg 
we see that uniformly in m n ~ M n we have that {l + 0(n- 4 - 4/3 )} |m| = 
l + 0(n _1 ~ 3/3 ). Combining this with (|6~TTj) and (|6~T2|) we see that uniformly 
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in z G 8D(x, r nj \) n i 

(6.13) Y, r { Vl € H ^ ' 

m 2 ,...,m n 

(i \ Iml— m n n— 1 / . -, \ 

m,£~Af 

m2,...,m n £—2 x / \ / 

Here we used the fact that ni2 = 1 so that \fh\ —m n = 2 + ^™~ 2 1 (m^ + i + m^). 

Lemma 6.1. For some C = C(a) < oo and all k > 2, \m — A4+i| < k + 1, 
|^ + 1 -A4| < A;, 

(6.14) C ' lfc ' 3Q ' 1 < f m + ^ (I) m+ ' +1 < ^- 3 °- 1 



VbgT ~ \ £ J \2J ~ ^/fogk 

Proof of Lemma 16.11 It suffices to consider k 3> 1 in which case the 
binomial coefficient in H6.14|) is well approximated by Stirling's formula 

ml = V2^m m e~ m ^(l + o(l)) . 

With A4 = 3ak 2 log k it follows that for some C\ < oo and all k large 
enough, if \m — A4+i| < 2k, \l — A4| < 2k then 

,m 2, Ci 

Hereafter, we use the notation / ~ g if //# is bounded and bounded away 
from zero as k — > oo, uniformly in {m : |m— < 2fc} and {£ : |£— A/j-| < 
2/c}. We then have by the preceding observations that 

(6 16) ( m + e ) (l\ m+£+1 „ (m + £) m + e fl\ m+e ^ exp(-U(?)) 
where 

/(A) = -(l + A)log(l + A) + AlogA + Alog2 + log2 . 

The function /(A) and its first order derivative vanishes at 1, with the second 
derivative = 1/2. Thus, by a Taylor expansion to second order of I(X) 

at 1, the estimate ()6,15f) results with 

(M?) !'(=>- 4l< C2 



fc 2 A; 2 log 

for some C2 < 00, all k large enough and m,£ in the range considered here. 
Since |^ — 3ak 2 logfcj < 2/c, combining (|6.16l) and (|6.17() we establish (|6.14l) . 
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□ 

Using the last Lemma we have that 



e n 



— 1 C^ 1 £~ 3a_1 



* e n ( m ' + ;;:r ') G) 

T7J.O Tn.tt I) — O ^ <- / \ / 



m 2 ,...,m n £ = 2 



* e n 



Using the fact that \{mi \ rri£ ~ A/^}| = 21 + 1, this shows that for some 
C\ < oo, 



n 



™ 1 /"(— 1/7— 3a 

n Ei_i 



n-1 



(6-i9) < e n 



m 2 ,...,m n 



V - 1 



— 1 Ci^~ 3a 



=2 



Since for any c < oo, for some ( n , (' n — ► 

n-1 

(6.20) nc n J] log £ = n nC " = (n!) c ™ 



1=2 



we see that for some &\, n ,&i,n — * 

o mn — O \ *- / \ / 



m2,...,m n £ = 2 
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(jfi.2[) - (|6.6jl and (fHTTTTf) show that for some < c, d < oo 



<= m 2 ,...,m n £ = 2 \ / \ / 

i 



< Q n = inf P(x is n-successful) < sup P(x is n-successful) 



< 



n 2 ,...,m n — O \ 



□ 



log n 

Together with (|6.21|) this gives (|5.10j) and (|5.11j) . 



In the remainder of this section we prove two lemmas needed to complete 
the proof of Lemma 15.21 

Let ^"xnim denote the set of random walk paths which do not skip x- 
bands on excursions between levels k = i — . . . , j until completion of the 
first m excursions from D(x,r' ni ) to D(x, r n ^_i) c and let N^ imk denote 
the number of excursions from D(x^ fn,k—i 

) c to D(x,r' nk ) until completion 
of the first m excursions from D(x,r' ni ) to D(x, r n) j_i) c . 

Lemma 6.2. We can find C < oo and 63^ — > such that for all n and 
1 < I < n, 

(6.23) Y, P (Kk = ™k, k = I + 1, . . . , n ; O^ 1 ^ | = m< 

mi,...,m n 

m k ~Af k 

<CQ n {l\f a+5 ^. 

Proof of Lemma 16.21 The analysis of this section shows that uniformly 

k 

in mfc ~ A/fc, k = I, I + 1, . . . , n and z G dD(x, r nt {) n i 

(6.24) F z (K M = m k , k = I + 1, . . . , n ; Q l ~^ 

-(i + o(^),n( mt+ ;:_r)0 

Our analysis also shows that for some £3^ — > 
(6.25) 

/ \ 

+ m k - l\ (I 
m k -l 



inf 

mi 



e n 



1-1/ , -, \ / -, \ m k+1 +rn k 



m 2 ,...,m l _ 1 k= 2 

\ m j 'iA'j / 



> ((/ - l)!)- 3a ^3, ; 
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and since 
(6.26) 



e nC-'C'r 1 )© 

, m„ 0— Q \ / \ / 



m e+1 +m e 



n-1 



> 



e n 



mk+1+ m k -l\ 

m fc -i y V2 



mf 

m, 



( 

e n 

m 2 ,...,m ! _ 1 fc = 2 



\ 



m k+1+ m k -l\ /i\ 
m fe -l J V2 



/ 



where we used the fact that for C(i, j), D(i, j) non-negative, we have 



we see from (|6.24jl and (|6.22j) that uniformly in z 6 dD(x,r n) i) n i 
(6.27) 

E P2 (^.m,,* = m*, fe = I + 1, . . . , n ; < C log n Q n (/!) 3a+5 a, . 



m;,...,m n 



As in (|6.4j) we have that uniformly in n and x £ U n 

(6.28) P fTo^ t) < T D(0)Kn)c ; Td^,) = T dD ( x ,r n tl ) ni ) < c'/llog 



n 



so that by readjusting S^j 
(6.29) 

E P fe,™,.* = m fc> k = l + l,...,n; n 1 -^ < C Q n , 



H[ ran 

m k ~Af k 

and (l6~23l follows. 
□ 

Lemma 6.3. For some C < oo and £3 / — > 

(6.30) E P fe = mfe, = 2, . . . , i ; n 1 -^) < C (Z!)- 3a +*M . 



mn , ■ ■ ■ ,7?T.7 



m k ~N k 
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i— i k 

Proof of Lemma 16.31 As before, uniformly in m& ~ Mk, k = 2,3, ... ,1 
and z £ dD(x, r nj i) n 4 

(6.31) F z ( A;; ,.,, = m fc , k = 2, . . . ,1; fi^) 

= (1 + 0(n- 2 ^)) n 



fc=2 



m fc+ i + m fc - 1 \ 1 
mfc — 1 



Using (|6.14l) as before, we obtain (|6.3U|) . 
□ 



7. Second moment estimates 

We begin by denning the a-algebra G^i °f excursions from D{x,r n i_i) c 
to -D(x, j). To this end, fix x 6 Z 2 , let r o = and for i = 1, 2, . . . define 

Ti = inf{/c > Ti_i : X fe € D^r^)} , 
Tj = inf{/c > Tj : A" fc € L»(x,r nii _i) c }. 

Then is the cr-algebra generated by the excursions {e^\j = 1,...}, 

where e"' = {X^ : Tj-i < k < tj} is the j-th excursion from D(x,r„ ;_ 1 ) c 
to D(x, r' n J (so for j = 1 we do begin at £ = 0). 

The following Lemma is proved in the next section. Recall that for any 
a-algebra Q and event B £Q, we have P(A n B | Q) = F(A | Q)1 {B }- 

Lemma 7.1 (Decoupling Lemma). Let 

K,i = iKi = m t -,i = i + i,...,n}n <t 

Then, uniformly over all I < n, mi ~ Mi, {mi : i = /,... , n}, y £ ?7 n; 

(7-i) p(t», , = | 

= (1 + 0(n- 1 / 2 ))P(r^ I JV*, = m z )l {< 

Remark 1. The intuition behind the Decoupling Lemma is that what 
happens 'deep inside' D(y,r' nl ), e.g., is 'almost' independent of what 
happens outside D(y,r' n l ), i.e., Q y n V 

Proof of (|5.12|) : Recall that Mk = 3a/c 2 log k and that we write m ~ Mk 
if m = 1 for k < ko and |m — A4| < & for A; > /co- Relying upon the 
first moment estimates and Lemma 17.11 we next prove the second moment 
estimates (j5.12|) . Take x,y £ U n with l(x,y) =1 — 1. Thus 2r n ^\ + 2 < 
\x - y\ < 2r n j- 2 + 2 for some 2 < I < n. Since r ni ;_ 3 - r n ^_ 2 > 2r nj ;_i, 
it is easy to see that dD(y,r n j_i) n A n dD(x,r n ^) n i = for all A; 7^ / — 2. 
Replacing hereafter Z by / A (n — 3), it follows that for k ^ I — 1,1 — 2, the 

events {A^ fc ~ A4} are measurable with respect to the a-algebra Q v n v 
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We write 



T y nl {m h m n ) = {N%j = rrn; i = I + 1, . . . , n} n 



to emphasize the dependence on mi, ... , m n . With J\ := {I + 1, . . . , n} set 



r l( J i, m i) = IJ r^ i (mj,... 3 m n ) 



Similarly, with M;_3 := {2, . . . , I — 3} set 



and with := {2, — 3, n} set 

f»W= U r^(j^mOn{iv^ = m$}nr^M M ). 

Using the previous paragraph we can check that r^(7/) G Q y t . Note that 
(7.2) {x, y are n-successful} 

Applying l|7.1|l . we have that for some universal constant C3 < 00, 



(7.3) P (x and y are n-successful) 

< £ E[p^(J, 1 m I ) 1 jy* fi =m I |^);fS(/i)" 

1 

<C 3 P(f^),iV^ = mO £ P(f^,mO|iV^ = m;) 

<C 3 P(f^(/0) 2 nniJum^Nl^rm). 

1 



Using (|6.23|) . for some universal constant C5 < 00, 



(7.4) J] P(^(J/,mO I JV£, = m,) < C7 5 Q n (/!) 
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Noting that f*(Mi_ 3 ) G Q x np HZE} then shows that 

(7.5) p(rs(/ { )) 

< E [ F (rn(^»^)>^ = ^|^);f^(Mi_ 3 )" 

< C 6 P (r£(M,_ 3 ), = mi) ^ P(f ^( Ji, mi) | iV£, = m,) 

mj~A/i 

< <7 6 P (f *(M,_ 3 )) ^ P(^(/i,mi)|iV^ = mi). 

Using (j6.30|) and Ij7.4|) we get that, for some S^i — > 

(7.6) IP (f *(/<)) < C 7 / 15 (/!) 5 ^ g n . 

Putting (j7.3|) . (|7.4j) and Q7.6JI together and adjusting C and proves 

(EH21) for ?(a,y) = Z - 1. 

□ 

8. Approximate decoupling 

The goal of this section is to prove the Decoupling Lemma, Lemma 17. II 
Since what happens 'deep inside' D(y,r' nl ), e.g., depends on what 

happens outside D(y,r' nl ), i.e., on Q y n ^ only through the initial and end 
points of the excursions from D(x, r' n z ) to D(x, r nj ;_i) c , we begin by studying 
the dependence on these initial and end points. 

Consider a random path beginning at z G dD(0, r n j) n 4. We will show that 
for I large, a certain cx-algebra of excursions of the path from D(0, r' n to 
t n ,i) c prior to Tj^q ^ is almost independent of the choice of initial 
point z G 8D(0,r ni i) n 4 and final point w G dD(0,r n> i-i) n 4. Let tq = and 
for i = 0, 1, . . . define 

r 2i+1 = mf{k > t 2i : X k G D(0, r' nJ+1 ) U D(0, r^f} 
T 2i+ 2 = inf{/c > T 2i+ i : X k G £>(0,r ni /) c } . 

Abbreviating f = TD(o,r ni _i) c no * e * na * ^ = T 2i+i f° r some (unique) non- 
negative integer /. As usual, Tj will denote the a— algebra generated by 
{X/, I = 0, 1, . . . , j}, and for any stopping time r, T T will denote the collec- 
tion of events A such that AC\{t = j} £ J-j for all j. 

Let W ni ; denote the a-algebra generated by the excursions of the path 
from D(Q,r' n j +1 ) to D(0, r„ iZ ) c , prior to T D ( 0jr , n ; l)c . Then W ni ; is the cr- 
algebra generated by the excursions {«(*'), j = 1, . . . , I}, where = : 
T 2 j-\ <k< r 2 j} is the j-th excursion from D(0,r' n to D(0,r n j) c . 
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Lemma 8.1. Uniformly in l,n, z,z' £ dD(0,r n j) n 4, w £ dD(0, r n ^_i)„4, 
and B n £ H n ,i, 

(8-1) v z (B n n n^f 1 1 x TD(0 rn i _ i)C = w) 

= (i + O(n- 3 ))P^(i? n n^ 7 n 1 ;/j +1 ), 

and 

(8.2) P^(B n n = (1 + 0(n- 3 ))P^'(i? n n ^f 1 ) . 

Proof of Lemma I8.lt Fixing z £ dD(0,r n j) n 4 it suffices to consider 
B n £ 7~C n ,i f° r which ¥ z (B n ) > 0. Fix such a set B n and a point w £ 
r n,i—i)n 4 - Using the notation introduced right before the statement 
of our Lemma, for any i > 1, we can write 

{B n nri^ : { + \i = i} 

= {B nti nAi,T 2 i <f}n({I = 0,X f G 9D(0,r^_i) n 4}o^ r2 .) 

for some -B n) j £ F T2i , where 

Ai = {X T%i _ x £ dD(0,r n ,i +1 ) n 4,X T2j £ dD{0,r n j) n 4 , Vj < i) £ T T2i 

so by the strong Markov property at T2i, 

W[X f = w;B n n n^i'JJ, / = i) 

= W [E x ^i (X f = W ,I = 0); B nii n A u r 2i < f] , 

and 

p" (^n^; n 1 ) g +1 ,J = i) 

= E* [E*** (J = , X, G 3£>(0, r n> i_i) n 4); B n>< n A, r 2i < f] . 
Consequently, for all i > 1, 

(8.3) E^ [X f = w; s„ n n^i'" 1 " 1 , J = i] 
>f z (B n nn l -y> l+ \i = i) 

if E^ (gg = w; J = 0) 

X xedD$,r nJ ) n4 E x (1 = 0, Xf £ dD(0, r n ,j_i) n 4) ' 

Necessarily P z (£? n |/ = 0) G {0, 1} and is independent of z for any B n £ 
H n> i, implying that (jHSJ applies for i = as well. By (|£2J), (jSHJ), (l2301l 
and (|2.49|) there exists c < oo such that for any z, x £ dD(0,r n j) n i and 
w £ dD(0,r n j_i) n 4, 

E x (X f = w; I = 0) , TT 

E*(I = 0,Xf£dD(0,r n ^) n 4) * (1 " ™ )Z»<*r^-M ■ 
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Hence, summing IjH.HJI over I = 0, 1, . . ., we get that 
(8.4) E z 



x f = w, B n n n Q) ^ L ) , / ) i +1 



> (l - m- 3 )P 2 (i? n n ^+ 1 tl )ff D(0irnl _ l) c(«,«j) 

A similar argument shows that 

(8.5) w [Xr = w,B n nn l -^l +1 

< (1 + cn- 3 )P 2 (i?„ n O^f 1 ) ff^o^.O^, «0 

and we thus obtain l|8.1|) . 

By the strong Markov property at n, for any z G dD(0, r n j) n 4, 



p z (B n n ng^) = p 2 (B n n = o) 

iG9D(0,r„, i+ i) n 4 

The term involving {£ n n nj^'/ I = 0} is dealt with by (t2~2Tl) and (jHHJ 

follows by ipO^I . 

□ 

Building upon Lemma IH7TI we quantify the independence between the a- 
algebra Qf of excursions from Z)(x,r n ^_i) c to D(x,r' nl ) and the a-algebra 
H^(m) of excursions from D{x,r' nl+1 ) to D(x,r n [) c during the first m 
excursions from D(x,r' nl ) to D(x, r nj ;_i) c . To this end, fix x G Z 2 , let 
to = and for i = 1, 2, . . . define 

Tj = inf{fc > Tj_i : X k G D(x,r^)} , 
Tj = inf{fe > n : X fc G L»(x,r ni n) c }. 

Then £/? is the u-algebra generated by the excursions {e^\j = 1, ...}, 
where e^' = {X k : Tj—i <k< Tj} is the j-th excursion from Z?(x,r/_i) c to 
D(x, r' n j) (so for j = 1 we do begin at f = 0). 

We denote by Hf;,(m) the u-algebra generated by all excursions from 
D(x,r' nl+1 ) to D(x,r n {) c from time ri until time T m . In more detail, for 
each j = 1, 2, . . . , m let C- Q = Tj and for i = 1, . . . define 

Cj,i = mt{k > Cj'^-i : X k G D(x,r' nl+1 )} , 
C jti = inf{fc > 0,i : ^fc e D^r^f} . 

Let Vj t i = {X k : < k < (jj} and Z J = sup{z > : Cj,i < Tj}- Then, 
TC^iim) is the <r-algebra generated by the intersection of the cr-algebras 
H.* l ■ = cr(vj t i, i = l,..., Zi) of the excursions between times tj and Tj, for 
j = 1, ... ,m. 
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Lemma 8.2. There exists C < oo such that uniformly over all m < (n log n) 2 , 
I, x G I? and y , y x G I? \ D(y, r' nl ), and H G U x n l {m), 

(8.6) (1 - Cmn- 3 )P^ (H n ^g^ 1 ) < P yo (# D O^ 1 ^ 1 I ST) 

<(l + Cmn^H^n^i +1 ). 

Proof of Lemma 18.21 Applying the Monotone Class Theorem to the 
algebra of their finite disjoint unions, it suffices to prove (|8.6|) for the gen- 
erators of the cr-algebra ; (m) of the form H = Hi fl Hi fl • • • fl H m , with 
Hj G l ■ for j = 1, . . . , m. Conditioned upon Qf the events Hj are inde- 
pendent. Further, each Hj then has the conditional law of an event Bj in the 
cr-algebra TL n 1 of Lemma I5TT1 for some random Zj — -^rw — 1 £ OD(0, fn^n* 
and Wj = Xr j — x G dD(0, r n ^_i)„4, both measurable on £7^. By our 
conditions, the uniform estimates ()8.1|) and (|8.2|) yield that for any fixed 
z' £dD(0,r nil ) ni , 

(8.7) ^(Hnri-^lGf) 

= f> yo (n]L 1 (H j nn^ +1 )\gf) 

m 

= [J ^ (Bj n Q^ +1 1 x TD(0tn)C = Wj ) 

m 

= n(i + 0(n- 3 ))P^(s J n^- 1 ;/j +1 ) 

m 

= (1 + o(n- 3 )r n n • 
3=1 

Since m < (nlogn) 2 and the right-hand side of (|8.7jl neither depends on 

yo G 1? nor on the extra information in Q?, we get (|8.6|) . 

□ 

Corollary 8.3. Lei r», = {A^ = m*; i = Z + 1, . . . , n} n fiJ^Q". T/ien, 
uniformly over all n > I, mi ~ A/j, {rnj : i = Z, Z + 2,... , n}, y G Z7 n and 

(8.8) p«o (r y i|J v* i = m ,|g«) 

= (1 + OCn- 1 logn))F*(T^ I < ; = m,)l {<J=fnt} 

Proof of Corollary 18.31 For j = 1, 2, . . . and i = l + l, . . . ,n, let Zj denote 
the number of excursions from _D(y, r n) j_i) c to D(y, 4 ) by the random walk 
during the time interval [Tj,Tj]. Clearly, the event 

mi 

i=i 
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belongs to the cr-algebra TL v nl {mi) of Lemma f8.2l It is easy to verify that 
starting at any xq ^ D(y,r' nl ), when the event {N^ il = mi} £ Gf occurs, it 

implies that N% i = X]j=i %l for i = / + 1, . . . , n. Thus, 

(8.9) p*°(r^ \g?)i {Nli=mi} = p-»(h n o^S 1 \g?)i {Nli=mi} . 

With mi/(n 2 log n) bounded above, by ()8.6|) we have, uniformly in y £ Z 2 

and zo, xi 6Z 2 \ r^), 

(s.io) ^n^no^w^iaf) = (l + 0(n- 1 logn))P^H^n^i+ 1 ). 
Hence, 

(8.11) ^°Kl\Sfn { Nl t =m l} 

= (1 + O^ 1 logn))P^(i? n ^S 1 ) 1 ^,^} • 
Setting xq = x\ and taking expectations with respect to ¥ x °, one has 

(8.12) P^(T^ |JVj, = m,) = (1 + O^ 1 logn))l**(ff n O^ 1 ). 
Hence, 

(8.13) P-(r^|iV^=mOl {< - m!} 

= (1 + 0{n- 1 \ogn))^(H n t^^) V^-M 
= (1 + 0(n-> logn))P-(r^ |^,)l {<i=mi} 

where we used l)8.11jl for the last equality. Using that {N^ t = m{\ E Q nl , 

this is (fHTH|t . 

□ 

9. Appendix 
Let qo(x) = lr i.(x) and for n > 1 let 

a ( T ) - — P -\ x \ 2 / 2n 
Qn[X) ~ 2vrn e 

Proposition 9.1. Suppose X n is a strongly aperiodic symmetric random 
walk in Z 2 with the covariance matrix of X\ equal to the identity and with 
3 + 2/3 moments. Then there exists c\ such that 

sup \p n {x) — qn(x)\ < cn~2~^ ) n > 1. 



Proof. Let (f> be the characteristic function for X\. Since X% is symmetric, 
the third moments are zero, that is, if X\ = (x{ , x[ 2 "' '), 21,22 > 0, h + i2 = 
3, then E[(xf ) ) il (x{ 2) ) ia ] = 0. So by a Taylor expansion, 



lal 2 



(j)(a/y/n) = 1 1- E 1 (a,n), 

n 
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where 

\Ex(a,n)\ < c 2 (|a|/^) 3+2/3 , 
provided a G [— 7r,7r] 2 . Similarly 

I 1 2 

e -|a| 2 /« = 1 _^ + ^ 2 ( a)n ) ) 

n 

where the error term E2(a,n) has the same bound. We now follow Propo- 
sition 3.1 of using the above estimate for Ei(a,n), i = 1,2, in place of 
the one in that paper. 
□ 



Proposition 9.2. Let X n be as above and 

oo 

a ( x ) = ^2\Pn(0) -Pnix)}. 
n=0 

Then for i/O 

2 

(9.1) a(x) = -log\x\+k + o(l/\x\) 

TT 

where k is a constant depending on p\ but not x. 
Proof. We write 

(9.2) a(x) = J>„(0) ~ 9n(0)} + £>n(0) - q n (x)} 

n n 
+ ^2[q n (x) - p n (x)} 

n 

= h+I 2 +h. 

Since n~2 - ^ is summable, I\ is a constant not depending on x. 1% has the 
form given in the right hand side of (|9.1|) ; see the proof of Theorem 1.6.2 in 
jHj. So it remains to show /3 = o(l/|x|). 
We write 

(9.3) h = ^2 Pn ^ + qn ^ + ^Pn{x) - q n (x)} 

n<N n<N n>N 

:=h + h + h, 

where we choose N to be the largest integer less than |x| 2 /log 2 |x|. 
Note 

\h\ < P(max|X n | > \x\). 

n<N 
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We estimate this using truncation and Bernstein's inequality. Let fj = 
Xi - Xi-i, define & = &1 i_| , and X' n = Ei<n^- We have 

¥(X n / for some n < TV) < P(£ n 7^ ^ for some n < N) 

<iVmaxF(e„/0 

n<N 

With our choice of iV we see that 

(9.4) P(X n / X' n for some n < N) = o(l/\x\). 
By Bernstein's inequality ( 3 ) 

(9.5) P(max|X;| > |x|) < 2exp ( ^ — 

< 2e- C3log2|:c| = o(l/|x|). 

Combining (|9.4|) and (|9.5j) yields the required bound on 1 14 \ . 

We can show I5 = 0(1/ |x|) by straightforward estimates. Finally, by 
Proposition I9.1| 

|I 6 | < cm'^ 13 = OiN-^-i 3 ) = o(l/\x\). 

n>N 

Summing the estimates for 1^,1^, and I§ shows ^3 = o(l/|x|) and completes 

the proof. 

□ 

The following result holds for all mean zero finite variance random walks 
in any dimension d. To keep the notation uniform we use D(0,n) to denote 
the ball (if d > 3) or disc (if d = 2) of radius n centered at the origin. When 
d = 1 we let D(0, n) = (— n, n). 

Lemma 9.3. For some c < 00 

(9.6) E x (T D{0>n) c) < cn 2 , x € D(0,n), n > 1. 

Proof. Let T = min{j : \Xj — Xq\ > 2n}. By the invariance principle 

(9.7) ¥ x (T> Cl n 2 ) = P x ( sup \Xj-X \<2n) 

j<cin 2 

= P°( sup \Xj - X \ < 2n) 

j<cin 2 

< P < 1 

for all x if we take c\ = 1 and n is large enough. Taking c\ larger if necessary, 
we get the inequality for all n. Then letting 8j be the usual shift operators 
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and using the strong Markov property 

(9.8) F X (T > ci(fc + l)n 2 ) < P X (T o 8 Clkn 2 > Cl n 2 ,T > Cl kn 2 ) 

= E x \p X ci>^ 2 (T > c\n 2 );T > c\knf 
< pF x (T > cikn 2 ). 

Using induction 

(9.9) F X (T > cikn 2 ) < p k , 

and our result follows easily. 
□ 

Equation (6) of [S] does the simple random walk case of the following. 
Lemma 9.4. We have 

V lQ g T -D(0,n)c 

hm = 2, F -a.s. 

n— »oo log n 

Proof of Lemma 19.41 Let e > 0. By Chebyshev and Lemma HOI 

IP°(T D{ o, n)c > n 2 +t) < ^g!^l < cn - £ . 

So by Borel-Cantelli there exists Mq(u) such that if m > Mo, then TWo 2 m ) c < 
(2 m ) 2+e . If m > M and 2 m < n < 2 m+1 , then 

J D(0,n) c < J D(0,2™+ 1 ) C < J < 2 n , 

which, since e is arbitrary, proves the upper bound. 

By Kolmogorov's inequality applied to each component of the random 
walk, 

F°l X 9_ I 2 

W°(T mn)c < n 2 - £ ) = F°( sup \X k \ >n)< c 1 n 2 " 1 < cn~\ 

k<n 2 - £ n 

So by Borel-Cantelli there exists M\{ui) such that if m > Mi, then T D ( 0i 2 m ) c > 
(2 m ) 2 - £ . If m > Mi and 2 m < n < 2 m+1 , then 

Td{q,uY — ^D(o,2 m ) c > (2 m ) 2 ~ e > 2 £ ~ 2 n 2 ~ 6 , 

which proves the lower bound. 
□ 
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